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a b s t r a c t
Let τ(G) denote the number of vertices in a longest path in a graph G = (V , E). A subset K
of V is called a Pn-kernel of G if τ(G[K ]) ≤ n−1 and every vertex v ∈ V \K is adjacent to an
end-vertex of a path of order n− 1 in G[K ]. It is known that every graph has a Pn-kernel for
every positive integer n ≤ 9. R. Aldred and C. Thomassen in [R.E.L. Aldred, C. Thomassen,
Graphs with not all possible path-kernels, Discrete Math. 285 (2004) 297–300] proved
that there exists a graph which contains no P364-kernel. In this paper, we generalise this
result. We construct a graph with no P155-kernel and for each integer l ≥ 0 we provide a
construction of a graph G containing no Pτ(G)−l-kernel.
© 2008 Elsevier B.V. All rights reserved.
1. Introduction
Let G = (V , E) be a finite simple graph. The number of vertices in a longest path of G is called the detour order of G and it
is denoted by τ(G). If Pn is a path of order n (i.e. its vertex set has n vertices), then a vertex v ∈ V is said to be a Pn-terminal
vertex of G whenever v is an end-vertex of a path of order n but it is not an end-vertex of a path of order n + 1 in G. If S is
any subset of the vertex set V then G[S] denotes the subgraph of G induced by the set S. A subset K of V is called a Pn-kernel
of G if τ(G[K ]) ≤ n − 1 and every vertex v ∈ V \ K is adjacent to an end-vertex of a path of order n − 1 in G[K ]. In such a
case we say that n is the width of the path-kernel K .
The problem, treated in this paper is related to the so-called Path Partition Conjecture (abbreviated as PPC). The PPC states
that, for any graph G and arbitrary positive integers a, b satisfying a+ b = τ(G), the vertices of a graph G can be partitioned
into two parts A and B in such a way that the order of a longest path in G[A] is at most a and the order of a longest path in
G[B] is at most b. The original version of the PPCwas discussed by L. Lovász and P. Mihók in 1981 and studied in two diploma
thesis supervised by them [7]. In general, the PPC is still open but it is known that it is valid for many particular classes of
graphs [3–5]. An overview of the present state of the PPC can be found in [6].
The PPC is related to another conjecture known as the Path Kernel Conjecture (abbreviated as PKC). In [11] P.Mihók asked
the question whether every graph has a Pk-kernel for every positive integer k ≥ 2. This problem was later reformulated as
a conjecture. In [2], it is shown that every graph has a Pn-kernel for every k ≤ 7 and also that the PKC is true for certain
classes of graphs. Mel’nikov and Petrenko in [8] verified the PKC for k = 8. In [10] the same authors proved that every graph
has P9-kernel. On the other hand, in [1] Aldred and Thomassen presented a construction of a graph Gwith detour order 364
and containing no P364-kernel. This implies that the PKC is not valid in general. By a small modification of their construction,
one can easily see that there are graphs with τ(G) ≥ 364 and no Pτ(G)-kernel. But their construction is very specific in the
sense that the existence of the Pk-kernel is disproved only for graphs with detour order equal to k. Moreover, it is worth
mentioning that their counterexample does not disprove the PPC.
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Fig. 1. Graph H .
According to the results presented above, it is known that the PKC is valid for some small values of the parameter k,
namely k ≤ 9, and it is not valid for k ≥ 364. One would expect that both bounds can be improved. The intriguing question
is; what is the greatest value of k such that every graph has a Pk-kernel?
We construct a graph G0 with no P155-kernel, thus providing a smaller counter-example to the PKC than the one
constructed by Aldred and Thomassen. The graph G0 has detour order 155. However, by inserting a specified numbers of
vertices into certain edges of G0, we obtain, for every integer k ≥ 0, a graph Gk with detour order τ that has no Pτ−k-kernel.
In fact, the graph Gk has no Pi-kernel, for each i ∈ {τ − k, . . . , τ }.
2. The construction
Given a nonnegative integer k. We describe a construction of a graph G with τ(G) = τ and no P(τ−k)-kernel. We use
almost the same approach as Aldred and Thomassen in [1]. We start with a base graph H . This graph is depicted in Fig. 1.
In order to be able to control the difference between the detour order of a constructed graph and the width of its path-
kernel, we construct a graph Hk, a special subdivision of H , as follows:
(i) subdivide the edge ac with 4k+ 6 vertices and denote the path induced by these 4k+ 6 vertices by âck;
(ii) subdivide the edge bdwith 4k+ 6 vertices and denote the path induced by these 4k+ 6 vertices by b̂dk;
(iii) subdivide the edge abwith 3k+ 5 vertices and denote the path induced by these 3k+ 5 vertices by âbk;
(iv) subdivide the edge cdwith 3k+ 5 vertices and denote the path induced by these 3k+ 5 vertices by ĉdk;
(v) subdivide the edge yZ ′ with 2k vertices and denote the path induced by these 2k vertices by ŷZ ′k;
(vi) subdivide the edge vZ with 2k vertices and denote the path induced by these 2k vertices by v̂Z
k
;
(vii) subdivide the edge tewith k vertices and denote the path induced by these k vertices by t̂ek;
(viii) subdivide the edge tswith k vertices and denote the path induced by these k vertices by t̂sk.
In what follows, we shall deal with the path structure in the graph Hk. In order to simplify the forthcoming consideration
we introduce the following notation. We denote
(1) the path a, w, v, v̂Z
k
, Z, u, Z ′, Ẑ ′yk, y, x, t, t̂sk, s, d as−−→a− dk;
(2) the path a, âck, c, ĉd
k
, d, d̂b
k
, b as−−→a− bk;
(3) the path a, âb
k
, b, b̂d
k
, d, d̂c
k
, c as−−→a− ck;
(4) the path b, b̂d
k
, d, s, ŝtk, t, x, y, ŷZ ′k, Z ′, u, Z, Ẑvk, v, w, a, âck, c as−−→b− ck;
(5) the path pair c , ĉak, a, âb
k
, b, b̂d
k
, d, s, ŝtk, t , t̂ek, e, u, Z ′, Ẑ ′yk, y, x, w, v, v̂Zk, Z and c, ĉak, a, âbk, b, b̂dk, d, s, ŝtk,
t, t̂ek, e, u, Z, Ẑv
k
, v, w, x, y, ŷZ ′k, Z ′ with the same vertex set by−−−→c − αk, where α ∈ {Z, Z ′};
(6) the path pair b, b̂d
k
, d, c, ĉak, a, w, x, y, ŷZ ′k, Z ′, u, Z, Ẑvk, v, s, ŝtk, t, t̂ek, e and b, b̂dk, d, c, ĉak, a, w, x, y, ŷZ ′k, Z ′, u, e,
êtk, t, t̂sk, s, v, v̂Z
k
, Z , with the same vertex set by−−−→b− βk, where β ∈ {e, Z};
(7) the path v̂Z
k
, Z as Pk;
(8) the path ŷZ ′k, Z ′ as P ′k.
Now, we can formulate some straightforward facts concerning orders of the important paths in Hk.
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Fig. 2. Graph Gk .
Lemma 1. For any nonnegative k the graph Hk has the following properties:
(1) −−→a− dk is the longest path from the vertex a to the vertex d passing through vertexw and it contains 11+ 5k vertices;
(2) −−→a− bk is the longest path from the vertex a to the vertex b and it avoids both paths v̂Zk, ŷZ ′k and contains 21+ 11k vertices;
(3) −−→a− ck is the longest path from the vertex a to the vertex c and it avoids both paths v̂Zk, ŷZ ′k and contains 20+ 10k vertices;
(4) −−→b− ck is the longest path from the vertex b to the vertex c, it passes through all vertices of paths Pk, P ′k and contains 25+13k
vertices;
(5) −−−→c − αk, where α ∈ {Z, Z ′}, is the longest path having c as its end-vertex and it contains 31+ 17k vertices;
(6) −−−→b− βk, where β ∈ {e, Z}, is the longest path having b as its one end-vertex and it contains 31+ 17k vertices;
(7) the maximum number of vertices contained in a pair of disjoint paths, where the first of them joins a to either b or c and the
second one has the remaining vertex from {b, c} as an end-vertex is 26+ 14k.
The proof is based on a careful analysis of the structure of Hk and we leave it to the reader.
Now, for a fixed k, we construct a graph Gk. Take six copies of of the graph Hk and label these copies Hk1, . . . ,H
k
6 . The
vertices inHki are then labelled as inH
k but with i as subscript. Analogously we shall refer to the paths introduced above. For
example, we shall use−−−→ai − bik to indicate the path corresponding to−−→a− bk inHki and if we consider−−−→ci − αik thenαi ∈ {Zi, Z ′i }.
In order to complete the construction we add a new vertex A and edges from this vertex to all ai, i = 1, 2, . . . , 6. Finally we
add the edges bic(i+2) mod 6 where i = 1, 2, . . . , 6 (see Fig. 2).
Lemma 2. For every pair (i, j), where i ∈ {1, 3, 5} and j ∈ {2, 4, 6}, and for every nonnegative integer k, the path T ki,j = −−−→αi − cik,−−−−−−→bi−2 − ci−2k, −−−−−−→bi−4 − ai−4k, A, −−−−−−→aj−4 − bj−4k, −−−−−−→cj−2 − bj−2k, −−−→cj − αjk, is a longest path in Gk and its order is 155 + 82k. Moreover,
every path of order at least 155+ 81k is a subpath of some path of the form T ki,j.
Proof. Let us fix k and consider the graph Gk. It follows from Lemma 1 that, for each i ∈ {1, 3, 5} and each j ∈ {2, 4, 6} every
path of the form T ki,j has 155+ 82k vertices.
Now let Q be a longest path in Gk. Then, since Q has at least 155 + 82k vertices and Hk has 36 + 20k vertices, Q visits
at least five copies of Hk. However, by the symmetry of Gk, the path Q has precisely the same number of vertices in the
odd-numbered copies of Hk as in the even-numbered copies of Hk, and hence Q visits all six copies of Hk.
Let Qodd be the subpath of Q that lies in the odd-numbered copies of Hk. Then Qodd has at least 77 + 41k vertices. We
may assume, without loss of generality, that a1 is the vertex of Qodd that is adjacent to the vertex A. We know that Qodd visits
each of Hk1 , H
k
3 and H
k
5 . If Qodd visits H
k
1 more than once, then Qodd starts at a1 and exits H
k
1 at b1 (or c1), then travels along−−−−→c3 − b3k and then along −−−−→c5 − b5k (or −−−−→b5 − c5k and −−−−→b3 − c3k) and re-enters Hk1 at c1 (or b1) to terminate in Hk1 . In either case,
Qodd contains 26 + 14k vertices from Hk1 and 25 + 13k vertices from each of Hk2 and Hk3 . But then Qodd has only 76 + 40k
vertices. Thus Qodd visits Hk1 only once. If Qodd exits H
k
1 at c1, then it has the form
−−−−→a1 − c1k,−−−−→b5 − c5k,−−−−→c3 − β3k, and hence has
only 20+ 10k+ 25+ 13k+ 31+ 17k = 76+ 40k vertices. Hence Qodd exits Hk1 at b1, so Q is a path of the form T kj,i, for some
j ∈ {2, 4, 6} and i ∈ {1, 3, 5}.
Consider now a path on 155+ 81k vertices. From the symmetry of Gk, it must contain at least 77+ 40k vertices on each
side of A. According to the previous analysis, this path must be a subpath of T ki,j for some i and j. 
Theorem 3. For every integer k ≥ 0 the graph Gk has detour order 155+ 82k and has no P155+81k-kernel.
Proof. Let us assume to the contrary that Gk does have a P155+81k-kernel, say K . Let K = V (G) \ K . Now, since Gk contains
paths covering 155 + 82k vertices we have K 6= V (G) and K 6= ∅. Moreover, each vertex in K must be adjacent in G to an
end-vertex of a path on 154+ 81k vertices in G[K ]. By Lemma 2, each path with at least 155+ 81k vertices is a subpath of
some path of the form T ki,j. Thus every vertex in K belongs to some P
k
i or P
′k
i . Let h ∈ V (Pki ) be an arbitrary vertex belonging
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to K . Let us denote by R the path of order 154+81kwith its end-vertex adjacent to h. Let Reven (Rodd) be the subpath of R that
lies in the even (odd) numbered copies of Hk. We may assume, without loss of generality, that R is a subpath of a path Q of
the form T k1,6. Then R is obtained from Q by chopping off a subpath at the beginning (in H
k
1) and/or at the end (in H
k
6). Thus
Rodd contains at most 76+ 41k of the 77+ 41k vertices of Qodd, and hence Reven contains at least 77+ 40k vertices of Qeven.
By the structure of the paths of the form T k1,6, the path Rodd contains the subpath
−−−−→b5 − c5k, which contains both Pk5 and P ′k5
as subpaths. Hence K contains all the vertices of Pk5 and P
′k
5 . By a similar argument, if K contains a vertex of P
k
3 or P
′k
3 , then K
contains all the vertices of Pk1 and P
′k
1 , contradicting our assumption that h ∈ K . Hence K contains all the vertices of Hk3 , Hk5
and Hk1 − h. Let S be a path of the form T k5,6. Then K contains all 77 + 41k vertices of Sodd. But then Sodd followed by A and
Reven is a path of order 155+ 81k in K , contradicting that K has detour order 154+ 81k. 
Corollary 4. For every integer k ≥ 0 there exists a graph G with detour order τ that has no Pτ−k-kernel.
Corollary 5. For every nonnegative integer k there exists a graph G such that G does not contain the Pi-kernel, for all i =
τ(G)− k, . . . , τ (G).
The proofs of both corollaries can by easily derived from the proof of the Theorem 3 and therefore they are omitted.
3. Conclusion
According to the results of [2,8,9] and Corollary 5, it is known that the PKC is valid for k ≤ 9 and, in general, it is not true
for all k greater than or equal to 155. We suspect that the upper bound of 155 can be lowered. The lower bound of 9 could
perhaps also be improved, but the technique used to prove the PKC for k ≤ 9 is not suitable for bigger k, since the number
of configurations to be investigated becomes huge when k = 10.
As pointed out in [1], in order to prove the PPC, it would suffice to prove that every graph G has a Pn-kernel for every
n ≤ τ(G)/2. Although we have presented examples of graphs without Pn-kernels having large differences between n and
their detour orders, in each of these examples n is still greater than half the detour order.
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